This study proposes a quantification algorithm for a PLS method with several sets of variables. We called the quantification method for PLS with more than 2 sets of data a generalization. The basis of the quantification for PLS method is singular value decomposition. To derive the form of singular value decomposition in the data with more than 2 sets more easily, we used the constraint, a t a + b t b + c t c = 3 not a t a = 1, b t b = 1, and c t c = 1, for instance, in the case of 3 data sets. However, to prove that there is no difference, we showed it by the use of 2 data sets case because it is very complicate to prove with 3 data sets. The keys of the study are how to form the singular value decomposition and how to get the coordinates for the plots of variables and observations.
Motivation, Problem and Concept of Generalization
Partial Least Squares(PLS) has been a very useful tool in the reduction of data when the number of observation is smaller than the number of variables (Helland, 2005) . There are limited studies that compare the quantification methods of PLS with multivariate data analysis. Quantification is a method that tries to reduce and to visualize multivariate data into the lower dimensional space. Huh and his colleagues have tried this kind of endeavor (Huh et al., 2007; Huh, 1999; Park and Huh, 1996; Han, 1995) .
Based on the above mentioned quantification idea, we suggested how to quantify partial least squares with 2 sets of data (Huh et al., 2007) . We are now interested in quantification of PLS data with more than 2 sets. We will call it as a generalization of quantification for PLS correlation.
The PLS correlation can be extended to three or more sets of variables. Thus, we consider 3 sets of variables X(n × p), Y (n × q), and Z(n × r). Let denote Xa, Y b, and Zc be the projections of each data matrix X, Y , and Z. On this occasion, the solution problem will be as follows. Unlike constraint suggested in the case of two sets of variables (Huh et al., 2007) , we use the constraint, This study is a part of the first author's doctoral dissertation. 1 Corresponding author: Associate Professor, 249-1, Dongseon-dong 3 ga, Seongbuk-gu, Department of Business Administration, Sungshin Women's University, Seoul 136-742, Korea. E-mail: yisk@sungshin.ac.kr a t a + b t b + c t c = 3 to get the solution more easily (Yi, 2007) . The constraint a t a = 1, b t b = 1, and c t c = 1 is a more natural form on this objective function; however, a simpler constraint is considered to solve the objective function more easily.
Approach and Solution
To show that it is not problematic for this simpler constraint to solve the objective function, we are going to compare a natural form of constraint (a t a = 1, and b t b = 1), with a simpler form of constraint (a t a + b t b = 2), in the case of two sets of variables for convenience. Let us consider following objective function.
Lagrangian function can be used to get the solution of (2.1) under the constraints. Let us define the function L as
By setting partial derivatives of (2.2) to 0p, 0q, 0r respectively, we obtain
It is very complicated to solve the simultaneous equations of (2.3), (2.4) and (2.5). Let us define matrix E and D as follows.
By the use of (2.3), (2.4) and (2.5), we consider following equation to derive eigensystem.
where
To find weight vectors, we can use eigenvalue decomposition. By the use of SVD of M , we can obtain eigenvalues and eigenvectors (= v). When M is used for obtaining meaningful eigenvalues and eigenvectors, matrix M should be positive definite; however, in this case we cannot guarantee that matrix M will be positive definite.
All eigenvalues are not necessarily positive after we obtain the eigenvalues by SVD. At least one positive eigenvalue corresponding to eigenvector is sufficient, because the goal of the first step is to find the eigenvector with the largest eigenvalue.
When we solve the generalization problem, we have to be cautious to following two points. First, as matrix M is symmetric and has identical paired components, the covariance should be divided by 2. Second, as the eigenvector v is composed of three vectors, a, b, and c (where
we have to multiply v t v by 3. Now we will argue that there is no difference between the constraints, in the case of two sets of variables. On this occasion, the objective is to maximize Cov(Xa, Y b) under the constraint a t a + b t b = 2. In a similar manner, Lagrangian function can be used to get the solution of the
By setting the partial differential of L to 0p and 0q,
By solving the simultaneous equations of (2.9) and (2.10) with respect to a, b is eliminated. Consequently, we have To prove that the above idea is correct, we are going to apply the same idea to the case of data matrix with two sets of variables. If that idea can be applied to the case of two data sets, we can infer that it would work for the case of more than two data sets.
To solve simultaneous equations of (2.9) and (2.10), and to obtain eigensystem, let us define matrix E2 and D2 as follows.
By the use of (2.9), and (2.10), we consider
If we denote M2 as E2 − D2, we obtain the following eigensystem.
Thus, when we use SVD of matrix M2 to obtain eigenvalues and eigenvectors, it means SVD of X t Y and Y t X.
Quantification Algorithm
The quantification method for PLS correlation with many sets of variables are exactly the same with the case of two sets of variables (for the two sets of data, refer to the Huh et al. (2007) ). Finding weight vectors is very complicated (as shown above) when compared to PLS correlation with two sets of variables.
For convenience, we will consider three sets of variables, X(n × p), Y (n × q) and Z(n × r) for quantification algorithm for generalization of PLS correlation. We assume that data are centered and scaled. We project
The quantification procedures are as follows (We use the following notations).
Notations
• K: data matrix with many sets of data matrix
• X, Y, Z: each set of data matrix Step 1: Find weight vectors and score vectors
Find weight vectors, a1, b1, and c1 in the manner of maximizing
. By SVD of matrix M , we obtain eigenvector of M . By multiplying eigenvector of M by square root 3, weight vectors, a1, b1 and c1 can be obtained. When we obtain a1, b1 and c1, we can calculate s1, t1 and u1 by multiplying X1, Y1 and Z1 by a1, b1 and c1 respectively. Accordingly, we can obtain score vector X1a1 = s1, Y1b1 = t1 and Z1c1 = u1. In this step, if eigenvalues of matrix M1 are all zero or negative, we have to stop this quantification process. If one of the eigenvalues at least is positive, we continue the process.
Step 2: Find loading vectors ObtainX1,Ŷ1 andẐ1 by regressing X1 on s1, Y1 on t1 and Z1 on u1 respectively. We can find loading vectors in this step. Loading vectors of variables on scores are the regression coefficients. They are as follows. 
Dimension 1 Dimension 2 Observations in data matrix
Here, g
Z are loading vectors for each set of variables.
Step 3: Deflate the data Deflate X1, Y1 and Z1 in the following manner.
Cycle 2
Step 4: Find weight vectors and score vectors
Find a2, b2 and c2 in the manner of maximizing Cov(X2a2, Y2b2)+Cov (X2a2, Z2c2)+Cov(Y2b2, Z2c2) under the constraint of a t 2 a2 + b t 2 b2 + c t 2 c2 = 3. SVD of matrix M2 that is derived from simultaneous equations is needed to obtain a2, b2 and c2. If we obtain a2, b2 and c2, we can calculate s2, t2 and u2 by multiplying X2, Y2 and Z2 by a2, b2 and c2, respectively, like Step 1.
Step 5: Finding loading vectors ObtainX2,Ŷ2 andẐ2 by regressing X2 on s2, Y2 on t2 and Z2 on u2 respectively. We can obtain loading vectors in this step.
Through the cycle of getting suitable number of components, we can get the coordinates of the variables(loading vectors) and observations(score vectors). Thus, columns xj (j = 1, 2, . . . , p) of X can be pointed on the linear space Pj : (x 
Numerical Example

Data description
The data shown as an example here are the survey results of the Chinese automobile market. We showed three sets of data that influence brand performance. They are data for the property evaluation of the automobile, the data for property evaluation of dealer service, and the data for property evaluation of repair service on 50 automobile brands (= companies) that are collected from the survey done in 2006.
Automobile buyers of each brands evaluated the properties of car they bought, properties of dealer service they visited and properties of repair service experienced. The evaluation data are averaged based on the brands that automobile buyers experienced.
We consider the data matrix K with 53 variables and 50 observations (companies). Data matrix K consists of three sets of variables such as X (50 × 34), Y (50 × 11) and Z (50 × 8). Here, X is a data set for the consumer evaluation of properties for automobile repair services. Y is a data set for the consumer evaluation of automobile dealer service of the company, and Z is a data set for the consumer evaluation of automobile repair service of the company. Here, data sets X, Y , and Z are collected on the seven point scale (from point 1 to point 7) that is scaled and centered for the analysis. The details are listed in 
Interpretation of quantification result
The left part of Figure 4 .1 is a projection of variables (property evaluation of automobile brands) in data set X onto the space generated by score vector s1 and s2. Each number in the figure means the variables of data set X. The right part of Figure 4 .1 is a projection of observations (brands) onto the same space.
The plots in data set X and the plots in data set Y are scattered with similar direction. See Figure  4 .2. We can find that data set X and data set Y have a positive relationship in the shape. The plots in data set Z are scattered with the opposite direction to the plots in data set X and the plots in data set Y . See Figure 4 .3. It means that data set Z has a negative relationship with data set X and data set Y .
An interesting phenomenon is found in the right part of the Figure 4 .1. The X variables are divided into two groups on the direction. The variables of the first group gather around variable 30 (overall safety). They are variable 25 (manufacturer's impression), variable 13 (car size), variable 10 (overall exterior styling) and so forth. The variables of the second group gather around variable 22 (future trading price). They are variable 20 (price), variable 15 (convenience to load and unload cargoes), variable 29 (antitheft device) and so forth. We can interpret that the first group is on 'the basic performance or the function of the automobile' and the second one is on 'the additional value of the automobile'.
The observations (brands) are dense around the second axis and scattered along the first axis. We can interpret that there is no substantial difference in the second axis and some differences in the first axis among the observations (brands). That is, the differences among the brands occur only in the first axis.
We can combine the plots of X variables with X observations. Brand 46 (Beijing Futon) is very far in the direction of the second group of the X variables. It can be interpreted that brand 46 is evaluated most positively in the second group of variables. Brand 47 (Beijing Auto) and brand 30 (Jilin Tongtian) have a same direction with the second group; however, brand 37 (Huachen BMW) has a same direction with the first group of variables. The overall plots of data set Y are very similar to data set X. The Y -variables can be divided into two groups. The variables of the first group gather around variable 1 (convenience of visiting) and variable 2 (display of vehicle). The variables of the second group gather around the variable 5 (courtesy/friendliness/honesty of salesperson) and variable 11 (relationship after purchase). We can give the meaning of 'dealer's basic function' to the first group of variables, considering the meaning of the variables. We can infer the meaning of 'dealer's additional function' from the second groups of variables; however, only the variable 4 (salesperson's knowledge about vehicle) locates far and solely from the other groups of variables. The Z-variables are also divided into two groups. The first group consists of variable 1 (the number of 4s shop) and variable 2 (convenience of location). The second group consists of other variables. We can give the meaning of 'convenience of the repair service' to the first group, and the meaning of 'quality of the repair service' to the second group.
The overall plots of data set Z are somewhat different from to data set X and Y . The observations (brands) are dense around the second axis and the first axis. In the case of properties of the repair service of the brands, automobile buyers do not perceive the brands differently. Brand 50 (MercedesBenz) and brand 14 (Guangzhou Toyota) have the same direction with the plots of the variables in data set Z. In contrary, brand 49 (Baolong Auto) has the opposite direction to the 'quality of the repair service'. Brand 46 (Beijing Futon) has the opposite direction to the 'convenience of the repair service'.
Summary and Future Research Direction
This research proposes a quantification algorithm for PLS method. We propose how to quantify PLS methods that have several sets of variables based on singular value decomposition. To derive the form of singular value decomposition in the data with more than 2 sets more easily, we used the constraint, aAfter getting the form of singular value decomposition, a similar process we suggested in an earlier paper (Huh et al., 2007) was adopted to quantify the many data sets. Consequently, the quantification technique for a PLS method gives us a better understanding of the structure of variables and observations. The quantification technique proposed here is very useful when there are several sets of variables.
We can consider another quantification method for PLS correlation. When there are sets of variables, the number of extracted score vectors would be the number of set variables. In that case the quantification of the variables and observations on the linear spaces that are generated by score vectors will be complex. Let us consider following case. When there are M sets of variables, the number of score vectors extracted in the first PLS cycle will be M . When we perform the second cycle, the number of score vectors will be 2M . If M is large, the representation or visualization of the data set will be very complicated.
The idea of quantification is to represent or visualize the variables and observations on the reduced space. For that reason, when there are so many sets of variables to be quantified, that kind of quantification might be meaningless. Thus, we can consider another quantification algorithm for PLS method in case there are so many sets of variables. Wold et al. (1987 , recited in Westerhuis et al., 1998 proposed two types of so-called multi-block case algorithm for analyzing the interrelationship among the blocks (they called set of variables as block). The first one is consensus PCA (= CPCA) and the other one is hierarchical PCA(HPCA).
The difference between CPCA and HPCA lies in selecting the starting super score; however, in the case of CPCA, the resulting super score will be variant depending on how starting super score is selected. HPCA resolves this problem. As eigenvector corresponding to the largest eigen value in SVD of X t X is used as a starting super score, it is very stable. Westerhuis et al. (1998) showed this phenomenon with a Monte Carlo simulation. They compared two cases. The one is the case where one of the blocks has strong direction. In such a case, super block has a strong relationship with the block that has a strong direction; however, such a phenomenon did not happen when the directions spread. Even though they proposed how to manage the case in which there are multiblocks, their propositions were only algorithmic and not based on the theoretical backgrounds. For that reason it is critical to manage the case there are multiblocks based on theoretical backgrounds. 
APPENDIX
